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 シンボルマークのデザインは、RIKENの Rの持っている柔らかい曲線の特性を活
かして独自の個性豊かな極めて象徴的なものをねらい、人々がシンボルマークを見た

ときに、自由なイメージで可能性を感じさせられるものとした。形態としては、カー

ブを基調とし、ダイナミズムのある理研をアピールさせるような新しい理研をイメー

ジできるものをねらった。 
 また、このデザインには、理研の英語名である THE INSTITUTE OF PHYSICAL 
AND CHEMICAL RESEARCH（RIKEN）の“P．C．R”の三字を忍ばせることで
形づくりとしている。この三つの総合形態から、生命の誕生・成長・再生、電子イオ

ンの軌跡、ニューロンやシナプスの活動等を連想させる。 
 ロゴタイプのデザインは、シンボルマークと共に使用することが多いと考え、シン

ボルマークの相性のよいデザインを心掛けた。太い縦線を強調すること、また、文字

要素の数が多いので、極力省略した緻密な構造美を考え、力強く太いロゴとシンボル

マークとの対照がうまくマッチすることをねらった。 
 色については、基礎科学研究を象徴する英知の色「青」と、生命・自然を表す「緑」

で、人間の知性と感性との共生を願望している。 
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p̂f = (mf + 1)/(nf + 2) as a percentage, and the table is sorted in ascending order of this value.486

General indicates whether the theorem is minimal under the generality order, and Selected indicates487

whether it was added to the library used in Generation 2 and later, following the generality filter and488

ranking by Ratio.489

Table 2: Theorem Ranking.

No. Formula Proof Sampled Solved Ratio General Selected

1 (A ! (B ! C)) ! (D ! ((A ! B) ! (A ! C))) Ax2 Ax1 Ax1 MP Ax2 MP MP 2443 0 0.04% X X
2 A ! ((B ! (C ! D)) ! (B ! (C ! D))) Ax2 Ax1 Ax2 MP MP Ax1 MP 2435 0 0.04%
3 (¬A ! ¬((B ! (C ! D)) ! ((B ! C) ! (B ! D)))) ! A Ax2 Ax1 MP Ax3 Ax2 MP MP 2416 0 0.04% X X
4 ((A ! B) ! A) ! ((A ! B) ! B) Ax1 Ax1 Ax2 MP MP Ax2 MP 2398 0 0.04% X X
5 ((A ! (B ! C)) ! (((A ! B) ! (A ! C)) ! D)) ! ((A ! (B ! C)) ! D) Ax2 Ax1 MP Ax2 Ax2 MP MP 2379 0 0.04% X X
6 (A ! ¬?) ! (A ! A) Ax2 Ax3 Ax1 MP Ax2 MP MP 2362 0 0.04%
7 (¬A ! ¬(B ! (C ! B))) ! A Ax1 Ax1 MP Ax3 Ax2 MP MP 2334 0 0.04% X X
8 (¬(A ! B) ! ¬C) ! ((C ! A) ! (C ! B)) Ax3 Ax2 Ax1 MP Ax2 MP MP 2492 1 0.08% X X
9 (¬? ! ¬?) ! ¬? Ax3 Ax1 Ax2 MP Ax2 MP MP 2441 1 0.08%

10 (¬A ! ¬B) ! (C ! (B ! A)) Ax3 Ax1 Ax1 MP Ax2 MP MP 2370 1 0.08% X X
11 ¬A ! (A ! B) Ax1 Ax3 Ax1 MP Ax2 MP MP 2449 2 0.12% X X
12 (A ! B) ! ((C ! A) ! (C ! B)) Ax1 Ax2 Ax1 MP Ax2 MP MP 2613 3 0.15% X X
13 (A ! B) ! (A ! B) Ax1 Ax2 MP Ax1 Ax2 MP MP 2399 3 0.17%
14 (A ! (B ! C)) ! (A ! (B ! C)) Ax2 Ax1 Ax2 MP MP 2357 4 0.21%
15 A ! (B ! (C ! A)) Ax1 Ax1 Ax1 MP Ax2 MP MP 2343 4 0.21% X X
16 (¬¬A ! ¬¬B) ! (A ! B) Ax3 Ax3 Ax1 MP Ax2 MP MP 2313 4 0.22% X X
17 ((A ! (B ! C)) ! A) ! ((A ! (B ! C)) ! (B ! C)) Ax2 Ax1 Ax2 MP MP Ax2 MP 2375 5 0.25%
18 ((¬A ! ¬B) ! B) ! ((¬A ! ¬B) ! B) Ax3 Ax2 MP Ax1 Ax2 MP MP 2361 7 0.34%
19 ((A ! (B ! C)) ! (A ! B)) ! ((A ! (B ! C)) ! (A ! B)) Ax2 Ax2 MP Ax1 Ax2 MP MP 2409 17 0.75%
20 ((¬A ! ¬B) ! ((B ! A) ! C)) ! ((¬A ! ¬B) ! C) Ax3 Ax1 MP Ax2 Ax2 MP MP 2377 283 11.94% X X
21 (¬A ! ¬(¬A ! ¬A)) ! A Ax1 Ax2 MP Ax3 Ax2 MP MP 2395 682 28.49% X X
22 (A ! (B ! C)) ! (((A ! B) ! A) ! ((A ! B) ! C)) Ax2 Ax2 Ax1 MP Ax2 MP MP 2381 1051 44.15% X X
23 A ! ((¬? ! ¬?) ! (¬? ! ¬?)) Ax3 Ax2 MP Ax3 MP Ax1 MP 2337 1312 56.14%
24 (A ! ((B ! A) ! C)) ! (A ! C) Ax1 Ax1 MP Ax2 Ax2 MP MP 2493 1607 64.45% X X
25 A ! (B ! B) Ax1 Ax1 Ax2 MP MP Ax1 MP 2429 1635 67.30% X X
26 A ! ¬? Ax1 Ax2 MP Ax3 MP Ax1 MP 2407 1655 68.74%
27 (? ! A) ! (? ! A) Ax1 Ax2 MP Ax2 MP Ax3 MP 2310 1613 69.81%
28 ((¬A ! ¬B) ! ¬A) ! ((¬A ! ¬B) ! ¬B) Ax3 Ax1 Ax2 MP MP Ax2 MP 2369 1666 70.31%
29 (A ! (A ! B)) ! (A ! B) Ax1 Ax2 MP Ax2 Ax2 MP MP 2377 1697 71.37% X X
30 ((¬? ! ¬?) ! ¬?) ! ((¬? ! ¬?) ! ¬?) Ax3 Ax2 MP Ax3 MP Ax2 MP 2452 1794 73.15%
31 ¬? Ax1 Ax2 MP Ax3 MP 2384 1759 73.76%
32 A ! A Ax1 Ax1 Ax2 MP MP 2353 1810 76.90% X X
33 A ! ((¬B ! ¬C) ! (¬B ! ¬C)) Ax3 Ax1 Ax2 MP MP Ax1 MP 2362 1855 78.51%
34 (¬A ! ¬((¬B ! ¬C) ! (C ! B))) ! A Ax3 Ax1 MP Ax3 Ax2 MP MP 2423 1921 79.26% X X
35 (¬A ! ¬B) ! (¬A ! ¬B) Ax3 Ax1 Ax2 MP MP 2416 1992 82.42%
36 ((¬A ! ¬(A ! B)) ! (A ! B)) ! ((¬A ! ¬(A ! B)) ! B) Ax3 Ax2 MP Ax2 Ax2 MP MP 2406 2001 83.14% X X
37 (¬? ! ¬?) ! (¬? ! ¬?) Ax3 Ax2 MP Ax3 MP 2375 1982 83.42%
38 (A ! (B ! C)) ! (A ! (B ! B)) Ax1 Ax2 MP Ax1 MP Ax2 MP 2478 2112 85.20% X
39 ((A ! B) ! A) ! ((A ! B) ! (C ! B)) Ax1 Ax1 MP Ax2 MP Ax2 MP 2359 2026 85.85% X
40 A ! (((B ! C) ! B) ! ((B ! C) ! B)) Ax1 Ax2 MP Ax2 MP Ax1 MP 2399 2061 85.88%
41 (((¬A ! ¬B) ! B) ! (¬A ! ¬B)) ! (((¬A ! ¬B) ! B) ! A) Ax3 Ax2 MP Ax2 MP 2381 2048 85.98% X
42 A ! ((((¬B ! ¬C) ! C) ! (¬B ! ¬C)) ! (((¬B ! ¬C) ! C) ! B)) Ax3 Ax2 MP Ax2 MP Ax1 MP 2488 2147 86.27% X
43 ((A ! (¬B ! ¬C)) ! A) ! ((A ! (¬B ! ¬C)) ! (C ! B)) Ax3 Ax1 MP Ax2 MP Ax2 MP 2404 2077 86.37% X
44 A ! ((B ! C) ! (B ! (D ! C))) Ax1 Ax1 MP Ax2 MP Ax1 MP 2405 2080 86.46% X
45 (((A ! B) ! A) ! (A ! B)) ! (((A ! B) ! A) ! A) Ax1 Ax2 MP Ax2 MP Ax2 MP 2424 2135 88.05%
46 A ! ((B ! (¬C ! ¬D)) ! (B ! (D ! C))) Ax3 Ax1 MP Ax2 MP Ax1 MP 2359 2078 88.06% X
47 (A ! (¬B ! ¬C)) ! (A ! (C ! B)) Ax3 Ax1 MP Ax2 MP 2397 2113 88.12% X
48 (A ! B) ! (A ! ((C ! (D ! E)) ! ((C ! D) ! (C ! E)))) Ax2 Ax1 MP Ax1 MP Ax2 MP 2302 2030 88.15%
49 A ! ((B ! C) ! (B ! B)) Ax1 Ax2 MP Ax1 MP 2393 2118 88.48% X
50 A ! (B ! ((C ! D) ! (C ! C))) Ax1 Ax2 MP Ax1 MP Ax1 MP 2349 2082 88.60% X
51 (A ! B) ! (A ! (C ! (D ! C))) Ax1 Ax1 MP Ax1 MP Ax2 MP 2484 2203 88.66%
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Figure 4. Number of discovered theorems in the Hilbert axiom
system. The count increases over generations, indicating that the
agent can grow a theorem library within the Hilbert axiom system.

Figure 5. Proof success rates on human-written benchmark prob-
lems. Our agent finds Hilbert-system proofs for 30% of them,
while GPT baselines indicate the difficulty of the task.

theorems accumulate in the goal buffer G through multiple
iterations of proof search and supervised updates. At the
end of the generation, useful theorems are extracted from G,
and the corresponding library actions are added to the action
space A. This process turns theorems discovered in one gen-
eration into reusable action primitives for later generations.
By repeating this process, the agent gradually expands its
action space and grows a library of useful theorems.

Algorithm 2 Multi-Generation Library Expansion

1: Initialize action space A {Ax1, Ax2, Ax3, MP}.
2: for each generation do
3: Give A to Algorithm 1 and obtain theorem buffer G.
4: Extract useful theorems {Thm1, . . . , ThmN} from G.
5: Expand A A [ {Thm1, . . . , ThmN}.
6: end for

5. Experiments
5.1. Experimental Setup

We run theorem discovery and library construction in the
Hilbert axiom system shown in Figure 1. The initial action
space consists of Ax1, Ax2, Ax3, and MP. Thus, before
any library theorem is extracted, the agent can only push
instances of the three axioms onto the stack or apply Modus
Ponens. We repeat proof search and library extraction over
six generations. The numbers of extracted theorems added
to the library are 20, 10, 5, 2, 1, 0 from Generation 1 to Gen-
eration 6, which yields a final library of 38 theorem actions.

For benchmark evaluation, we use the 30 human-written
propositional-logic problems derived from Kleene’s text-
book (Kleene, 1952) and curated by Poesia et al. (2024).
This benchmark provides a human-written test set that is
independent of our theorem-discovery process. Each LLM

baseline is evaluated once per problem with fixed decoding
settings, so the reported success rates reflect single-shot
proof generation rather than best-of-k sampling. A prob-
lem is counted as solved only when the generated action
sequence is accepted by a stack-machine proof checker im-
plementing Ax1–Ax3, theorem actions, and Modus Ponens
with the same unification rule as in Section 3. In the lemma-
augmented setting, each theorem action pushes the corre-
sponding theorem from the extracted library onto the stack.
Since each extracted theorem is stored with its primitive
axiom/MP proof trajectory, lemma-augmented proofs can in
principle be expanded into axiom-only Hilbert proofs.

5.2. Quantitative Evaluation of Theorem Discovery

We first evaluate whether the proposed method can grow the
goal buffer G starting only from the axioms and inference
rule of the Hilbert axiom system defined in Section 2.

Figure 4 shows that the number of discovered theorems
increases over generations. This result demonstrates that our
approach accumulates found theorems and reuses them to
derive further theorems within the formal axiomatic system.

We next evaluate coverage on the human-written bench-
mark problems. Discovering many theorems alone does not
guarantee that they are meaningful from a human perspec-
tive. This benchmark consists of classical-logic problems.
As shown in Figure 5, the discovered theorem set covers
30% of these benchmark problems. This result suggests
that the agent does not merely generate many theorems, but
also discovers theorems that are meaningful from a human
perspective.

We further evaluate the difficulty of solving these bench-
mark problems in the Hilbert system using LLM baselines.
Figure 5 shows the fraction of benchmark problems for
which each GPT baseline (OpenAI, 2023; 2024a; 2025)
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Figure 4. Number of discovered theorems in the Hilbert axiom
system. The count increases over generations, indicating that the
agent can grow a theorem library within the Hilbert axiom system.

Figure 5. Proof success rates on human-written benchmark prob-
lems. Our agent finds Hilbert-system proofs for 30% of them,
while GPT baselines indicate the difficulty of the task.
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mark problems. Discovering many theorems alone does not
guarantee that they are meaningful from a human perspec-
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As shown in Figure 5, the discovered theorem set covers
30% of these benchmark problems. This result suggests
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Selecting Useful Theorems

Reusing Useful Theorems

Algorithm 2 Multi-Generation Library Expansion

1: Initialize action space A {Ax1, Ax2, Ax3, MP}.
2: for each generation :
3: Give action space A to Algorithm 1 and obtain theorem buffer G.
4: Extract useful theorems {Thm1, . . . , ThmN} from G using generality and reprovability criteria.
5: Expand action space A A [ {Thm1, . . . , ThmN} for the next generation.
6: end for

4.2 Extracting Useful Theorems174

We extract useful theorems from the discovered theorem set using two criteria, generality and175

reprovability. The goal buffer G constructed in the previous section serves as the candidate set.176

Generality removes overly specialized theorems, while reprovability prioritizes theorems that have177

already been discovered but cannot be reliably reproved by the current policy. Adding such theorems178

as lemmas can expand the set of theorems reached in subsequent proof search.179

The first criterion uses the generality order induced by substituting formulas for variables to remove180

overly specialized theorems. For example, the theorem A ! A is more general than the theorem181

(A ! B) ! (A ! B), because substituting the formula A ! B for A in the former yields the182

latter, whereas no variable substitution in the latter yields the former. We keep only the theorems183

that are not specializations of other candidates. Formally, we define a partial order so that more184

general theorems are smaller, and retain the minimal elements under this order. This filtering removes185

redundant specialized theorems while retaining more general candidates.186

The second criterion ranks the remaining candidates by estimating how reliably the current policy187

can reprove them. For each candidate theorem g 2 G, we record the number ng of times g was188

sampled as a proof goal and the number mg of those episodes in which g was proved. A theorem189

with low reprovability has already been discovered, but the current policy cannot reliably prove it190

again. Making such a theorem available as a lemma can compress a difficult partial proof into a single191

lemma call. To estimate reprovability, we use the Bayesian posterior mean p̂g = (mg + 1)/(ng + 2),192

which corresponds to a Beta(1, 1) prior, rather than the raw empirical success rate. This smoothing193

prevents the ranking from over-prioritizing theorems that fail after only a few samples and helps194

identify theorems with persistently low reprovability.195

Finally, generality filtering and reprovability ranking are combined to select useful theorems from G.196

The method first keeps only the theorems that are not specializations of other candidates, thereby197

removing redundant specializations. It then sorts the remaining candidates so that lower values of the198

reprovability posterior mean p̂g receive higher priority. Finally, a fixed number of the highest-priority199

theorems are selected from this ranking and regarded as useful theorems.200

4.3 Reusing Useful Theorems201

The proposed method reuses extracted theorems by adding them to the action space of the stack-202

machine decision process. The original action space consists of four actions: pushing an instance203

of Ax1, Ax2, or Ax3 onto the stack, and applying the inference rule MP. For each extracted theorem,204

we add one library action, denoted by Thm1, Thm2, . . . , ThmN. When one of these theorem actions205

is selected, the corresponding theorem is pushed onto the stack instead of an axiom. The resulting206

stack-machine decision process allows the agent to reuse theorems discovered in earlier generations207

as lemmas in later proof search.208

Algorithm 2 summarizes how the action space is expanded across generations. The algorithm209

alternates between policy learning under a fixed action space and action-space expansion using210

extracted theorems. In each generation, we train a new policy network for the current action space,211

because adding library actions changes the action space of the stack-machine decision process. During212

policy learning, reached theorems accumulate in the goal buffer G through multiple iterations of proof213

search and supervised updates. At the end of the generation, useful theorems are extracted from G,214

and the corresponding library actions are added to the action space A. This process turns theorems215

discovered in one generation into reusable action primitives for later generations. By repeating this216

process, the agent gradually expands its action space and grows a library of useful theorems.217
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Selected theorems become reusable lemma actions in 
later generations of proof search.

Useful theorems are selected by favoring candidates that 
are general and difficult to reprove.

Self-Supervised Policy Learning

Single-formula stacks become new goals,  
and their action prefixes provide training examples.

During proof search, each single-formula stack is treated as 
a reached theorem, even if it differs from the original goal.

Reached formulas become training goals when 
successful proof prefixes are reused as supervision.

Figure 3: An example proof-search episode used to generate goals and training data. States marked
with check marks are single-formula stacks, and the corresponding formulas f1, f3, and f7 are added
to the goal buffer G. For each reached theorem, we use all preceding state-action prefixes as training
examples: Dtrain  Dtrain [

�
[t2{1,3,7}{(St0 , At0 , ft) | 0  t0 < t}

�
.

We maintain a goal buffer G containing theorems discovered during search. Training begins by154

bootstrapping G with random rollouts. Whenever search produces new reached theorems, they are155

added to G, and later iterations sample a goal formula g uniformly from G before rolling out the156

current policy ⇡✓(·|S, g).157

Reached theorems also define supervised targets for the current policy update. When ft is reached at158

time t, the prefix up to t is treated as a proof of ft, and for each 0  t0 < t we add (St0 , At0 , ft) to159

Dtrain. The policy ⇡✓(A|S, g) is then updated by cross-entropy on Dtrain, increasing the likelihood160

of ⇡✓(At0 |St0 , ft).161

Algorithm 1 summarizes this procedure for a fixed action space. It makes explicit that each reached162

theorem is inserted into two objects with different roles. The training set Dtrain stores proof-labeled163

examples for the current policy update and is reset at each iteration. In contrast, the goal buffer G164

is maintained across iterations, so the agent gradually expands the set of goals available for later165

search. This separation keeps policy updates local to the current iteration while preserving discovered166

theorems as persistent future goals.167

Algorithm 1 Policy Learning in a Fixed Action Space
1: Input: action space A.
2: Initialize a new policy ⇡✓(A|S, g) for A.
3: Bootstrap the goal buffer G with random rollouts.
4: for each iteration :
5: Initialize current training set Dtrain  ;.
6: for each episode :
7: Sample a goal formula g uniformly from G.
8: Roll out the current policy ⇡✓(·|S, g) for at most T steps.
9: for each time t at which St is a single-formula stack containing ft :

10: Add the reached theorem ft to the goal buffer G.
11: Add the found proof path {(St0 , At0 , ft) | 0  t0 < t} to Dtrain.
12: end for
13: end for
14: Update ⇡✓ by minimizing cross-entropy loss on Dtrain.
15: end for
16: return goal buffer G.

Our method shares with Hindsight Experience Replay (HER) and goal-conditioned supervised168

learning (GCSL) the idea of reusing what was actually reached in past trajectories as new goals169

[Andrychowicz et al., 2017, Ghosh et al., 2021]. The difference is that the relabeled goals are not170

environment states, but proved theorems obtained as single-formula stacks in the Hilbert system.171

Thus, formulas encountered during exploration can be reused as valid theorem-proving targets in172

subsequent search.173
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Our Algorithm

Our Formulation

A stack-machine formulation of the proof tree for .A → A

Preliminaries

Motivation

Proof trees become stack-machine decisions by 
flattening proof construction into action sequences.

A minimal Hilbert system defines our testbed with 
three axioms and Modus Ponens.

: Ax1 A → (B → A)
Ax2: (A → (B → C)) → ((A → B) → (A → C))
Ax3: (¬A → ¬B) → (B → A)

X → YXModus Ponens (MP)
Y

Ax1 
A → (B → A)

Ax2 
(A → (B → C)) → ((A → B) → (A → C))

(A → B) → (A → A)
Ax1 

A → (B → A)
A → A

MP
MP

: Ax1 A → (B → A)
Ax2: (A → (B → C)) → ((A → B) → (A → C))
Ax3: (¬A → ¬B) → (B → A)

X → YXModus Ponens (MP)
Y

Ax1 
A → (B → A)

Ax2 
(A → (B → C)) → ((A → B) → (A → C))

(A → B) → (A → A)
Ax1 

A → (B → A)
A → A

MP
MP

Axioms in Hilbert System Inference Rule in Hilbert System

Example proof tree deriving .A → A

Learning approaches without human-provided examples 
have brought new insights to humans. 
Can we discover useful theorems from axioms alone?

The agent discovers thousands of theorems and solves 
human-written benchmark problems.

Extracted theorems help LLMs solve more Hilbert-system 
proof problems when provided in prompts.

Proof success rates on  
human-written benchmark problems

The number of discovered  
theorems by our agentSelf-Supervised Theorem Discovery in a Formal Axiomatic System

Table 1. Qualitative examples in which GPT-5-high failed without prompt lemmas but succeeded when supplied with extracted theorem
actions. The last column lists the theorem actions used in each successful proof.

Example Goal formula Used theorem actions

1 A ! (¬A ! B) Thm1, Thm2
2 (A ! B) ! ((B ! C) ! (A ! C)) Thm3, Thm5
3 ¬((A ! B) ! ¬(B ! A)) ! (B ! A) Thm1, Thm2, Thm3, Thm4

Table 2. Extracted theorem actions appearing in the successful qualitative proofs in Table 1. Each action label denotes a discovered
theorem supplied to GPT-5-high as a prompt lemma.

Action Theorem formula

Thm1 ¬A ! (A ! B)
Thm2 (A ! (B ! C)) ! (D ! ((A ! B) ! (A ! C)))
Thm3 (A ! B) ! ((C ! A) ! (C ! B))
Thm4 (¬A ! ¬(B ! (C ! B))) ! A
Thm5 ((A ! (B ! C)) ! (((A ! B) ! (A ! C)) ! D)) ! ((A ! (B ! C)) ! D)

finds a Hilbert-system proof path. For GPT-5, low, medium,
and high denote the reasoning effort used at inference time.
Even GPT-5-high, the strongest GPT baseline in our eval-
uation, reaches only about 23% accuracy, which indicates
that constructing Hilbert-system proofs for these benchmark
theorems is nontrivial. Here, we do not aim to claim that
the proposed method generally outperforms state-of-the-art
LLMs. Rather, these results show that the benchmark prob-
lems are difficult to solve in the Hilbert system and indicate
that our approach can discover nontrivial proofs.

5.3. Quantitative Evaluation of Extracted Theorems

We evaluate whether the extracted theorems also function
as external knowledge for LLM proof search. Specifically,
we provide the extracted theorems as prompt lemmas and
compare the proof success rate of GPT baselines on human-
written benchmark problems. This evaluation tests whether
theorems obtained by our proof-search agent can transfer to
LLMs, which rely on a different reasoning architecture.

Figure 6 compares the proof success rate with and without
the extracted theorems provided as prompt lemmas. For
GPT-4o and the GPT-5 variants, proof success rates improve
when the extracted theorems are provided as prompt lemmas.
This result shows that the extracted theorems can help LLMs
find proofs in the Hilbert system. Overall, these results show
that theorems extracted through our approach function as
transferable knowledge for LLM-based theorem proving.

5.4. Qualitative Analysis of Extracted Theorems

Finally, we examine concrete examples of how extracted
theorems assist LLM proof construction. Table 1 summa-
rizes three goals for which GPT-5-high failed to find a proof
without prompt lemmas but succeeded when the extracted

Figure 6. Effect of extracted theorems as prompt lemmas for LLM
proof search. Providing extracted theorems improves proof success
rates for GPT-4o and GPT-5 variants.

theorem library was supplied. Table 2 lists the extracted
theorem actions that appear in these successful proofs.

The first example is especially informative because the two
lemmas used in the proof have different roles. With the
extracted theorems provided as prompt lemmas, GPT-5-
high constructed the following Hilbert-system proof action
sequence:

Ax1, Thm1, Thm2, MP, Ax2, MP, MP.

In this proof, Thm1 corresponds to the principle of explo-
sion, deriving an arbitrary B from ¬A and A. Thus, the
usefulness of Thm1 is easy to interpret from a human per-
spective. In contrast, Thm2 does not appear among the
human-written benchmark problems and was discovered by
our approach. Although its usefulness is not obvious at first
glance, Thm2 lifts an implication under an additional con-
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Success rates improvements  
with lemmas extracted by our agent

# Rules 
Prove the given proposition in the Hilbert system (with axioms A01, A02, A03 and the inference rule Modus 
Ponens). 

## Axioms: 
A01: A -> (B -> A) 
A02: (A -> (B -> C)) -> ((A -> B) -> (A -> C)) 
A03: (!A -> !B) -> (B -> A) 

## Inference Rule (MP): 
In the stack, the top element is regarded as X -> Y, and the one below it as X. Unify the antecedents of X and X 
-> Y as in Hindley-Milner type inference, and as a result derive the consequent Y, which is then pushed onto the 
stack. For example, if the top of the stack is (A -> (B -> C)) -> ((A -> B) -> (A -> C)) and the next one is A -> 
(B -> A), then A -> (B -> C) and A -> (B -> A) are unified with A = C, yielding the result (A -> B) -> (A -> A). 

## Lemmas: 
You can use the following lemmas if you need. 
L01: (A -> B) -> ((C -> A) -> (C -> B)) 
L02: (A -> (B -> C)) -> (B -> (A -> C)) 

# Output Format 
The proof must ultimately be represented as a combinator expression in Reverse Polish Notation (RPN). In RPN, 
A01, A02, A03 each push an instance of the corresponding axiom onto the stack, L01, L02, ... do the same for 
lemmas, and MP represents Modus Ponens according to the above rule. You may include explanations, but enclose the 
final proof expression between <final_answer> and </final_answer>. 

# Example Problem 
Target proposition: A -> A 

Reference proof steps: 
1. A -> (B -> A) (Axiom A01) 
2. A -> (B -> A) (Axiom A01) 
3. (A -> (B -> C)) -> ((A -> B) -> (A -> C)) (Axiom A02) 
4. (A -> B) -> (A -> A) (Apply MP to 3 and 2) 
5. A -> A (Apply MP to 4 and 1) 

In this case, the combinator expression in RPN is A01 A01 A02 MP MP. Final output example is the following: 
<final_answer>A01 A01 A02 MP MP</final_answer> 

# Problem 
Prove the following proposition: 
(A -> B) -> ((B -> C) -> (A -> C))

Prompts for LLM agents

Discovered lemmas can be practically useful even when 
their role is not obvious from inspection.

Figure 6: Effect of extracted theorems as prompt lemmas for LLM proof search. Left: providing
extracted theorems improves proof success rates for GPT-4o and GPT-5 variants. Right: the same
prompt lemmas reduce proof-search latency for GPT-5-medium and GPT-5-high.

5.2 Quantitative Evaluation of Extracted Theorems247

We evaluate whether the extracted theorems also function as external knowledge for LLM proof248

search. Specifically, we provide the extracted theorems as prompt lemmas and compare the proof249

success rate and latency of GPT baselines on human-written benchmark problems. This evaluation250

tests whether theorems obtained by our proof-search agent can transfer to LLMs, which rely on a251

different reasoning architecture.252

The left panel of Figure 6 compares the proof success rate with and without the extracted theorems253

provided as prompt lemmas. For GPT-4o and the GPT-5 variants, proof success rates improve when254

the extracted theorems are provided as prompt lemmas. This result shows that the extracted theorems255

can help LLMs find proofs in the Hilbert system.256

The right panel of Figure 6 shows the change in latency under the same setting. For GPT-5-medium257

and GPT-5-high, the extracted theorems reduce the time required to find a proof. This suggests that258

the extracted theorems not only increase the number of provable problems, but also serve as cues that259

make LLM proof search more efficient. Overall, these results show that theorems extracted through260

our approach function as transferable knowledge for LLM-based theorem proving.261

5.3 Qualitative Analysis of Extracted Theorems262

Finally, we examine a concrete example of how extracted theorems assist LLM proof construction.263

We consider the following goal, which GPT-5-high failed to prove without lemmas but proved with264

lemmas extracted by our algorithm.265

g : A ! (¬A ! B).

The proof uses the following two discovered theorems as lemmas.266

Thm1 : ¬A ! (A ! B),

Thm2 : (A ! (B ! C)) ! (D ! ((A ! B) ! (A ! C))).

Indeed, with the extracted theorems provided as prompt lemmas, GPT-5-high constructed the follow-267

ing Hilbert-system proof action sequence.268

Ax1, Thm1, Thm2, MP, Ax2, MP, MP.

This example is informative because the two lemmas have different roles. Thm1 corresponds to the269

principle of explosion, deriving an arbitrary B from ¬A and A. Thus, the usefulness of Thm1 is easy270

to interpret from a human perspective. In contrast, Thm2 does not appear among the human-written271

benchmark problems and was discovered by our approach. Although its usefulness is not obvious at272

first glance, Thm2 lifts an implication under an additional context and contributes to proving the goal273

g when combined with Thm1. This contrast shows that usefulness is not always apparent from human274

inspection alone. The proposed method can recover interpretable lemmas such as the explosion275

principle, while also identifying less obvious theorems that nevertheless guide proof construction.276

More broadly, theorem discovery without human prior knowledge may allow AI systems to surface277

useful lemmas that humans did not explicitly provide.278
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Lemmas extracted by our agent and utilized by GPT-5-high

Proof path which GPT-5-high found: 

…

Goal Formula

Conclusion
Useful theorems can emerge from self-supervised proof 
search without human-provided theorem libraries.


