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Theoretical Analysis ExperimentsKey Question

Our Approach

We proved the convergence of KLENT on 
normal-form games and finite-length games.

Our agent achieves 4x higher training efficiency than 
existing methods across five board games.

We introduce a model-free RL algorithm 
KLENT with KL and entropy regularizations.

Search-based approaches are highly successful 
in two-player games, but expensive to train. 
Can we develop an efficient model-free RL 
algorithm for two-player games?

Normal-Form Games

Finite-Length Games

Numerical Verification

Numerical Verification

Convergence Guarantee

Convergence Guarantee

Ablation study shows the importance of combining KL 
regularization, entropy regularization, and λ-returns.
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Table 1. Five board game environments used for the experiments. Branching factor is the average number of legal actions over states
encountered in random rollouts generated by baseline agents in Pgx (Koyamada et al., 2023).

Game Name Animal Shogi Gardner Chess 9x9 Go Hex Othello

Initial State

Observation Shape (4, 3, 194) (5, 5, 115) (9, 9, 17) (11, 11, 4) (8, 8, 2)

Action Space Size 132 1225 82 122 65

Branching Factor 7.5 9.5 42.3 90.6 8.0

5.2. Finite-Length Games

In this section, we discuss the convergence property of the
overall KLENT algorithm in sequential two-player zero-
sum games. Specifically, we assume that the game length is
finite. That is, there exists a positive integer Tmax such that
the terminal timestep T always satisfies T  Tmax

1. This
assumption can be justified for board games as games like
Hex and Othello naturally terminate when the board fills
up and others like Chess are typically truncated by rules to
ensure finiteness.

Under this assumption, we prove that the policy of the
KLENT agent converges to the entropy-regularized opti-
mal policy, which satisfies the following equation:

⇡(a|s) = 1

Z(s)
exp(Q⇡(s, a)/↵). (6)

As ↵ ! 0, this regularized equilibrium approaches a Nash
equilibrium of the original game (McKelvey & Palfrey,
1995). The detailed statement and proof are provided in
Appendix C.2. We prove this convergence via backward
induction from terminal states where fixed terminal values
propagate stability back to the root.

We empirically verified these theoretical results using a
Count Up Game as a synthetic testbed. As illustrated in the
left of Figure 4, this game consists of 7 states with 2 actions
each, where the player who reaches the WIN state wins the
game. We ran KLENT on this environment and presented
the evolution of learned policy and action-value function in
the right of Figure 4. After 2000 episodes, the learned policy
and action-value function align with the theoretical results,
confirming the consistency of our analysis. Furthermore, the
snapshot at 100 episodes reveals that the policy and values
near the terminal states are learned earlier than those near
the start, which is consistent with the backward propagation
mechanism described in our proof.

1This assumption implies that the reachable state-transition
graph is acyclic, as the presence of a reachable directed cycle
would allow trajectories of unbounded length.

Figure 5. Empirical results on learning efficiency. Average per-
formance across five board games. Our agent (KLENT) achieves
up to 4x higher training efficiency than Gumbel AlphaZero, the
strongest competing baseline in our experiments.

6. Experiments
In this section, we present our experimental results on board
games. Specifically, Section 6.1 provides the results of per-
formance comparison on five board games, demonstrating
the efficiency of KLENT compared to existing methods.
Subsequently, we present the results of our ablation study
in Section 6.2, demonstrating the importance of the key
techniques in KLENT, namely KL regularization, entropy
regularization, and �-returns. Lastly, we provide the experi-
mental results on large-scale 19x19 Go in Section 6.3.

6.1. Performance Comparison

Setup. We employed five medium-scale board games
listed in Table 1 to compare the performance and the learn-
ing efficiency of KLENT and existing approaches. We
measured the win rates of each agent against anchored op-
ponents with pretrained checkpoints from Koyamada et al.
(2023). For the horizontal axis, we employed the number
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Table 1. Five board game environments used for the experiments.

Game Name Animal Shogi Gardner Chess 9x9 Go Hex Othello

Initial State

Observation Shape (4, 3, 194) (5, 5, 115) (9, 9, 17) (11, 11, 4) (8, 8, 2)

Action Space Size 132 1225 82 122 65

We empirically verified these theoretical results using a
Count Up Game as a synthetic testbed. As illustrated in the
left of Figure 4, this game consists of 7 states with 2 actions
each, where the player who reaches the WIN state wins the
game. We ran KLENT on this environment and presented
the evolution of learned policy and action-value function in
the right of Figure 4. After 2000 episodes, the learned policy
and action-value function align with the theoretical results,
confirming the consistency of our analysis. Furthermore, the
snapshot at 100 episodes reveals that the policy and values
near the terminal states are learned earlier than those near
the start, which is consistent with the backward propagation
mechanism described in our proof.

6. Experiments
In this section, we present our experimental results on board
games. Specifically, Section 6.1 provides the results of per-
formance comparison on five board games, demonstrating
the efficiency of KLENT compared to existing methods.
Subsequently, we present the results of our ablation study
in Section 6.2, demonstrating the importance of the key
techniques in KLENT, namely KL regularization, entropy
regularization, and ω-returns. Lastly, we provide the experi-
mental results on large-scale 19x19 Go in Section 6.3.

6.1. Performance Comparison

Setup. We employed five medium-scale board games
listed in Table 1 to compare the performance and the learn-
ing efficiency of KLENT and existing approaches. We
measured the win rates of each agent against anchored op-
ponents with pretrained checkpoints from Koyamada et al.
(2023). For the horizontal axis, we employed the number
of simulator evaluations which serves as an indicator of
the computational demand of training processes and has
been adopted in the literature, particularly when training
efficiency is of the primary interest (Wu et al., 2020). In
the evaluation, we have used a reactive policy for plotting
the learning curve in order to unify the test-time computa-
tional resources for all methods. As baselines for perfor-
mance comparison, we used AlphaZero (Silver et al., 2018),

Figure 5. Empirical results on learning efficiency. Average per-
formance across five board games. Our agent (KLENT) achieves
efficient learning compared to existing approaches.

TRPO AlphaZero (Grill et al., 2020), and Gumbel Alp-
haZero (Danihelka et al., 2022) as search-based approaches,
and DQN (Mnih et al., 2015) and PPO (Schulman et al.,
2017) as model-free approaches. The network architecture
was unified across all experiments, specifically utilizing a
ResNet (He et al., 2016) with 6 residual blocks. The hy-
perparameters of KLENT were unified across all five envi-
ronments and set to (ε,ϑ,ω) = (0.03, 0.1, e→1/8). Further
details of the experimental setup and implementation are
provided in Appendix D and Appendix E, respectively.

Results. The average performances across the five envi-
ronments are presented in Figure 5. The results show that
our agent KLENT achieves the most efficient learning on
average. In particular, the results indicate several-fold effi-
ciency gains. For example, Gumbel AlphaZero required 300
million simulator evaluations to reach an average win rate of
50%, whereas KLENT required only 75 million, represent-
ing a fourfold efficiency gain. The detailed performances in
each environment are also presented in Figure 6. In Animal
Shogi and Gardner Chess, where search-based approaches
demonstrate high performance with moderate number of
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Figure 6. Performance comparison between our agent KLENT and existing methods on five board games. KLENT achieves competitive
or higher efficiency compared to existing methods.
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Figure 7. The results of the ablation study. They highlight the importance of all three techniques for consistently achieving high efficiency
across the environments.

of simulator evaluations which serves as an indicator of
the computational demand of training processes and has
been adopted in the literature, particularly when training
efficiency is of the primary interest (Wu et al., 2020). In
the evaluation, we have used a reactive policy for plotting
the learning curve in order to unify the test-time computa-
tional resources for all methods. As baselines for perfor-
mance comparison, we used AlphaZero (Silver et al., 2018),
TRPO AlphaZero (Grill et al., 2020), and Gumbel Alp-
haZero (Danihelka et al., 2022) as search-based approaches,
and DQN (Mnih et al., 2015) and PPO (Schulman et al.,
2017) as model-free approaches. The network architecture
was unified across all experiments, specifically utilizing a
ResNet (He et al., 2016) with 6 residual blocks. The hy-
perparameters of KLENT were unified across all five envi-
ronments and set to (↵,�,�) = (0.03, 0.1, e�1/8). Further
details of the experimental setup and implementation are
provided in Appendix E and Appendix F, respectively.

Results. The average performances across the five envi-
ronments are presented in Figure 5. The results show that
our agent KLENT achieves the most efficient learning on
average. In particular, the results indicate several-fold ef-
ficiency gains. For example, Gumbel AlphaZero required
300 million simulator evaluations to reach an average win
rate of 50%, whereas KLENT required only 75 million,
representing a fourfold efficiency gain.

The detailed performances in each environment are also
presented in Figure 6. In Animal Shogi and Gardner Chess,
where search-based approaches demonstrate high perfor-
mance with moderate number of simulator evaluations,
KLENT achieves competitive efficiency. In 9x9 Go, Hex,
and Othello, where search-based approaches require sub-
stantial training resources, KLENT demonstrates signifi-
cantly higher efficiency. This pattern is reflected in the
branching-factor statistics in Table 1, where the branching
factor is measured as the mean number of legal actions. In
Animal Shogi and Gardner Chess, where the branching fac-
tors are 7.5 and 9.5, KLENT and search-based methods are
competitive. In contrast, in 9x9 Go and Hex, where the fac-
tors are 42.3 and 90.6, KLENT shows a clearer advantage.
This is consistent with the intuition that larger branching fac-
tors increase MCTS simulator-evaluation budgets, whereas
KLENT avoids look-ahead search.

We attribute the efficiency of KLENT to two design choices.
First, KLENT updates the policy analytically via regular-
ization, rather than using MCTS outputs, which reduces
simulator evaluations and neural network inferences per
decision. Second, KLENT uses �-returns as value targets
instead of the Monte Carlo returns commonly used in search-
based methods, improving target stability in value learning;
our ablation results support this effect. Together, analytical
policy updates and stable value targets appear to be the main
drivers of KLENT’s high learning efficiency.
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Conclusion

Model-free RL can effectively learn in two-player games 
by properly revisiting regularized policy optimization.

Further Results
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Figure 7. The results of the ablation study. They highlight the importance of all three techniques for consistently achieving high efficiency
across the environments.
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tors are 7.5 and 9.5, KLENT and search-based methods are
competitive. In contrast, in 9x9 Go and Hex, where the fac-
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First, KLENT updates the policy analytically via regular-
ization, rather than using MCTS outputs, which reduces
simulator evaluations and neural network inferences per
decision. Second, KLENT uses �-returns as value targets
instead of the Monte Carlo returns commonly used in search-
based methods, improving target stability in value learning;
our ablation results support this effect. Together, analytical
policy updates and stable value targets appear to be the main
drivers of KLENT’s high learning efficiency.
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Figure 8. The evolution of KL Divergence
DKL(⇡

0k⇡) in 9x9 Go. In KLENT, reverse-
KL regularization keeps it relatively low, re-
sulting in gradual policy updates.

Figure 9. The evolution of policy entropy
H(⇡0) in Animal Shogi. While KLENT
maintains the entropy, it becomes nearly
zero in KL Only.

Figure 10. The results of experiments in
19x19 Go. Even in the large-scale environ-
ment, KLENT achieves competitive learning
efficiency compared to AlphaZero.

We also evaluated AlphaZero, Gumbel AlphaZero and
KLENT in matches with test-time MCTS. For each method,
we used the checkpoint trained after 800 million simulator
evaluations. For KLENT, we adopted the Gumbel Alp-
haZero MCTS at test time. All agents including baseline
opponent used MCTS with 800 rollouts in matches. The
results in Table 2 show that KLENT attains high win rates
in average even when equipped with test-time MCTS.

Table 2. Win rates of each agent against the baseline agent in
matches using test-time MCTS. Each agent is trained with 800
million simulator evaluations. Average and standard error are
shown. “AZ” stands for AlphaZero.

AZ Gumbel AZ KLENT

Animal Shogi 31±2% 67±5% 63±4%
Gardner Chess 64±3% 70±1% 81±1%
9x9 Go 7±2% 37±2% 89±1%
Hex 8±5% 47±5% 98±1%
Othello 51±2% 47±3% 55±6%
Average 32.2% 53.6% 77.2%

6.2. Ablation Study

Setup. We conducted an ablation study to validate the
importance of the three key techniques in KLENT: KL reg-
ularization, entropy regularization, and the use of �-returns.
We compared KLENT with the following four variants. KL
Only: Entropy regularization is removed by setting ↵ = 0.
ENT Only: KL regularization is removed by setting � = 0.
1-Step KLENT: �-returns are replaced with 1-step backups
by setting � = 0. Monte Carlo KLENT: �-returns are
replaced with Monte Carlo returns by setting � = 1.

Results. The results of our ablation study are shown in
Figure 7. The results demonstrate the importance of all three
techniques for consistently achieving high efficiency in the

five environments. We discuss the effect of each technique
below.

The effect of KL regularization can be observed by com-
paring the results of KLENT and ENT Only. In ENT Only,
KL regularization is removed so that the policy ⇡

0 is repre-
sented as ⇡0(a|s) = 1

Z(s) exp (Q✓(s, a)/↵) . In other words,
the output of the policy network is completely ignored, and
actions are selected according to a softmax policy based
solely on the action-value function. According to the re-
sults, ENT Only exhibits degraded performance compared
to the original KLENT. Figure 8 shows the evolution of
the average KL divergence DKL(⇡0k⇡) in 9x9 Go, where
the performance gap between KLENT and ENT Only is
large. While KLENT keeps the divergence relatively low
via reverse-KL regularization, it is larger in ENT Only, sug-
gesting more abrupt policy updates. These results suggest
that it is important to gradually update the policy.

The effect of entropy regularization can be analyzed by
comparing KLENT and KL Only. In KL Only, where the
entropy regularization is removed, performance degrades
significantly across all the five games. Specifically, in An-
imal Shogi, the win rate initially rises to 75% but subse-
quently declines, suggesting unstable learning. Figure 9
shows the evolution of the average entropy of the policy
⇡
0 in Animal Shogi. While KLENT maintains the entropy,

it rapidly decreases and becomes nearly zero in KL Only,
indicating that the policy becomes excessively deterministic.
These results suggest that encouraging sufficient exploration
is crucial for stable learning process.

The effect of �-returns can be observed by comparing
the results of KLENT, 1-Step KLENT, and Monte Carlo
KLENT. Replacing �-returns with 1-step returns or Monte
Carlo returns results in a performance drop especially in
9x9 Go and Hex. As discussed in Section 4.2, the results
suggest the importance of balancing bias-variance trade-off
through the use of an intermediate �.
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Theorem 1 
KLENT is linearly and locally 
convergent to the entropy 
regularized Nash equilibrium in 
normal-form games, if the 
payoff matrix  and coefficients 

 satisfies .
R

α, β α(α + 2β) ≥ 4∥R∥

Theorem 2 
KLENT is convergent to 
the entropy regularized 
Nash equilibrium in 
finite-length games.

We verified our theoretical results with numerical 
experiments on synthetic games for both settings.

Use λ-returns for 
action value learning.
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where Z(s) =
P

a2A exp
⇣

Q⇡(s,a)+� log ⇡(a|s)
↵+�

⌘
is a nor-

malization term to ensure that ⇡0(·|s) is a probability dis-
tribution. Appendix A provides the detailed derivation of
this optimal solution. In KLENT, this analytically obtained
policy ⇡

0 is used for action selection during the training.

We model the policy as ⇡✓(a|s) with a neural network.
When updating the parameter ✓, the analytically obtained
optimal policy ⇡

0(·|s) is used as the learning target, and
fitting of ✓ is conducted to minimize the cross-entropy
�
P

a2A ⇡
0(a|s) log ⇡✓(a|s).

4.2. Learning Action-Value Function

In self-play methods for two-player games such as board
games, a common approach is to model the state-value func-
tion V

⇡(s). One then runs MCTS and backs up state values
along future trajectories to estimate action values at the cur-
rent state. These action-value estimates are used to update
the policy at the current state (Silver et al., 2018; Grill et al.,
2020; Danihelka et al., 2022). In contrast, KLENT directly
parameterize the action-value function Q

⇡(s, a) with a neu-
ral network and use it to compute Equation 3, as mentioned
in Figure 1. This enables model-free learning without rely-
ing on MCTS.

In prior work (Silver et al., 2018; Grill et al., 2020; Dani-
helka et al., 2022), it is common to use the Monte Carlo
return as the learning target for the value function. How-
ever, in other areas of reinforcement learning, �-returns are
also used since they can reduce variance (Sutton, 1988).
We conducted preliminary experiments on 9x9 Go using
a pretrained checkpoint (Koyamada et al., 2023), with re-
sults illustrated in Figure 2. We have confirmed that even
in a board game environment, an intermediate � 2 (0, 1)
minimizes the sum of squared bias and variance better than
� = 1, which corresponds to the Monte Carlo return. Mo-
tivated by this observation, we use the �-return G

� as the
learning target for the value function in this work.

Figure 2. Results of preliminary experiments on bias-variance
tradeoff in 9x9 Go. Larger � reduces squared bias but increases
variance, and an intermediate � minimizes their sum.

4.3. Practical Algorithm

The practical algorithm of our agent KLENT is illustrated in
Algorithm 1. Starting from randomly initialized networks,
KLENT updates the policy ⇡✓ and the action-value function
Q✓ alternating a self-play phase for data collection and a
fitting phase for network updates.

In the self-play phase, the goal is to populate the on-policy
sample buffer D. During the episode, the actions are sam-
pled from the policy ⇡

0 using the current networks ⇡✓ and
Q✓. After the episode terminates, the �-return G

�
t is com-

puted for all timesteps t. Samples are collected by repeat-
edly running episodes until the number of samples in the
buffer reaches a predefined capacity.

In the fitting phase, the data accumulated in the buffer D is
used to update the network parameter ✓. The loss function
L(✓) is defined as follows:

L(✓) = ED


�

X

a2A

⇡
0(a|S) log ⇡✓(a|S)+ (Q✓(S,A)�G

�)2
�
.

(4)

Here, ED[·] indicates that (S,A, (⇡0(a|S))a2A, G
�) are

sampled from the buffer D. This loss function is designed
to simultaneously optimize the policy and action-value net-
works, with the analytically obtained policy ⇡

0(·|S) and �-
return G

� serving as targets for learning. By iterating these
self-play and fitting phases, the policy ⇡✓ and the action-
value function Q✓ are progressively refined and eventually
become strong.

Algorithm 1 KLENT Algorithm

1: Initialize the policy network ⇡✓(a|s).
2: Initialize the action-value network Q✓(s, a).
3: repeat
4: D  {}
5: repeat
6: Initialize the state S0.
7: for t = 0, . . . , T do
8: ⇡

0(a|St) / exp
⇣

Q✓(St,a)+� log ⇡✓(a|St)
↵+�

⌘

9: v̂t  EA⇠⇡0(·|St)

⇥
Q✓(St, A)

⇤

10: Sample At ⇠ ⇡
0(·|St).

11: Execute At and observe (St+1, Rt).
12: end for
13: Compute �-returns {G�

t }Tt=0.
14: D  D [

�
(St, At, (⇡0(a|St))a2A, G

�
t )
 T

t=0
15: until D reaches a predefined capacity.
16: Update ✓ by minimizing L(✓) in (4).
17: until convergence.
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optimal policy ⇡
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a2A ⇡
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4.2. Learning Action-Value Function

In self-play methods for two-player games such as board
games, a common approach is to model the state-value func-
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⇡(s). One then runs MCTS and backs up state values
along future trajectories to estimate action values at the cur-
rent state. These action-value estimates are used to update
the policy at the current state (Silver et al., 2018; Grill et al.,
2020; Danihelka et al., 2022). In contrast, KLENT directly
parameterize the action-value function Q

⇡(s, a) with a neu-
ral network and use it to compute Equation 3, as mentioned
in Figure 1. This enables model-free learning without rely-
ing on MCTS.

In prior work (Silver et al., 2018; Grill et al., 2020; Dani-
helka et al., 2022), it is common to use the Monte Carlo
return as the learning target for the value function. How-
ever, in other areas of reinforcement learning, �-returns are
also used since they can reduce variance (Sutton, 1988).
We conducted preliminary experiments on 9x9 Go using
a pretrained checkpoint (Koyamada et al., 2023), with re-
sults illustrated in Figure 2. We have confirmed that even
in a board game environment, an intermediate � 2 (0, 1)
minimizes the sum of squared bias and variance better than
� = 1, which corresponds to the Monte Carlo return. Mo-
tivated by this observation, we use the �-return G

� as the
learning target for the value function in this work.

Figure 2. Results of preliminary experiments on bias-variance
tradeoff in 9x9 Go. Larger � reduces squared bias but increases
variance, and an intermediate � minimizes their sum.

4.3. Practical Algorithm

The practical algorithm of our agent KLENT is illustrated in
Algorithm 1. Starting from randomly initialized networks,
KLENT updates the policy ⇡✓ and the action-value function
Q✓ alternating a self-play phase for data collection and a
fitting phase for network updates.

In the self-play phase, the goal is to populate the on-policy
sample buffer D. During the episode, the actions are sam-
pled from the policy ⇡

0 using the current networks ⇡✓ and
Q✓. After the episode terminates, the �-return G

�
t is com-

puted for all timesteps t. Samples are collected by repeat-
edly running episodes until the number of samples in the
buffer reaches a predefined capacity.

In the fitting phase, the data accumulated in the buffer D is
used to update the network parameter ✓. The loss function
L(✓) is defined as follows:

L(✓) = ED


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X

a2A

⇡
0(a|S) log ⇡✓(a|S)+ (Q✓(S,A)�G

�)2
�
.

(4)

Here, ED[·] indicates that (S,A, (⇡0(a|S))a2A, G
�) are

sampled from the buffer D. This loss function is designed
to simultaneously optimize the policy and action-value net-
works, with the analytically obtained policy ⇡

0(·|S) and �-
return G

� serving as targets for learning. By iterating these
self-play and fitting phases, the policy ⇡✓ and the action-
value function Q✓ are progressively refined and eventually
become strong.

Algorithm 1 KLENT Algorithm

1: Initialize the policy network ⇡✓(a|s).
2: Initialize the action-value network Q✓(s, a).
3: repeat
4: D  {}
5: repeat
6: Initialize the state S0.
7: for t = 0, . . . , T do
8: ⇡

0(a|St) / exp
⇣

Q✓(St,a)+� log ⇡✓(a|St)
↵+�

⌘

9: v̂t  EA⇠⇡0(·|St)

⇥
Q✓(St, A)

⇤

10: Sample At ⇠ ⇡
0(·|St).

11: Execute At and observe (St+1, Rt).
12: end for
13: Compute �-returns {G�

t }Tt=0.
14: D  D [

�
(St, At, (⇡0(a|St))a2A, G
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t )
 T

t=0
15: until D reaches a predefined capacity.
16: Update ✓ by minimizing L(✓) in (4).
17: until convergence.
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Figure 3. Theoretical and experimental results on the normal-form game. (a) Theorem 5.1 guarantees convergence in red area. (b) The
yellow and purple areas indicate convergence and non-convergence in numerical experiments respectively. (c) With (↵,�) = (0.5, 1),
which satisfies condition (5), the policies converge. (d) With (↵,�) = (0.3, 1), which violates condition (5), the policies oscillate.
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5. Theoretical Analysis
In this section, we investigate theoretical aspects of KLENT,
especially its convergence properties. Section 5.1 provides
a theoretical analysis of normal-form games, a standard
setting in game theory. Section 5.2 presents an analysis of
finite-length games, including sequential turn-based board
games. In both sections, we focus specifically on two-player
zero-sum games.

5.1. Normal-Form Games

In this section, we investigate the convergence property of
our policy update rule in normal-form games. This setting is
standard in game-theoretic analysis and aligns with the the-
oretical setting used in prior work (Sokota et al., 2022). We
consider a two-player zero-sum game defined by a payoff
matrix R, where both players update their policies accord-
ing to Equation 3. Under this setting, the following theorem
holds regarding the local linear convergence to the unique
fixed point.

Theorem 5.1. The policy update rule in Equation 3 is lo-

cally linearly convergent to the unique fixed point if the

following condition is satisfied:

↵(↵+ 2�) > kRk22/4. (5)

This condition is illustrated in Figure 3a. For comparison,
the convergence condition derived in Sokota et al. (2022)
corresponds to ↵� > kRk22. As shown in the figure, our
result covers a broader range of regularization coefficients
(↵,�) than their result. The detailed statement and proof
are provided in Appendix C.1. Our proof strategy involves
analyzing the spectral radius of the Jacobian of the update
operator around the fixed point. We prove that the operator
norm is less than 1 under the condition above.

To verify this theoretical result, we conducted numerical ex-
periments on the Matching Pennies game (Gibbons, 1992),
defined by R =

�
1 �1
�1 1

�
, which has a spectral norm of

kRk2 = 2. We tried various combinations of ↵ and � to
check convergence and the results are shown in Figure 3b.
By comparing the theoretical boundary in Figure 3a and
the experimental results in Figure 3b, we observe that the
boundary between convergence and divergence in the ex-
periments matches our theoretical condition. It can also
be observed that the case (↵,�) = (0, 0) results in non-
convergence, highlighting the necessity of regularization for
stable learning. Figures 3c and 3d further illustrate typical
policy trajectories, showing stable convergence inside the
boundary and limit cycles outside it.
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Figure 3. Theoretical and experimental results on the normal-form game. (a) Theorem 5.1 guarantees convergence in red area. (b) The
yellow and purple areas indicate convergence and non-convergence in numerical experiments respectively. (c) With (↵,�) = (0.5, 1),
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5. Theoretical Analysis
In this section, we investigate theoretical aspects of KLENT,
especially its convergence properties. Section 5.1 provides
a theoretical analysis of normal-form games, a standard
setting in game theory. Section 5.2 presents an analysis of
finite-length games, including sequential turn-based board
games. In both sections, we focus specifically on two-player
zero-sum games.

5.1. Normal-Form Games

In this section, we investigate the convergence property of
our policy update rule in normal-form games. This setting is
standard in game-theoretic analysis and aligns with the the-
oretical setting used in prior work (Sokota et al., 2022). We
consider a two-player zero-sum game defined by a payoff
matrix R, where both players update their policies accord-
ing to Equation 3. Under this setting, the following theorem
holds regarding the local linear convergence to the unique
fixed point.

Theorem 5.1. The policy update rule in Equation 3 is lo-

cally linearly convergent to the unique fixed point if the

following condition is satisfied:

↵(↵+ 2�) > kRk22/4. (5)

This condition is illustrated in Figure 3a. For comparison,
the convergence condition derived in Sokota et al. (2022)
corresponds to ↵� > kRk22. As shown in the figure, our
result covers a broader range of regularization coefficients
(↵,�) than their result. The detailed statement and proof
are provided in Appendix C.1. Our proof strategy involves
analyzing the spectral radius of the Jacobian of the update
operator around the fixed point. We prove that the operator
norm is less than 1 under the condition above.

To verify this theoretical result, we conducted numerical ex-
periments on the Matching Pennies game (Gibbons, 1992),
defined by R =

�
1 �1
�1 1

�
, which has a spectral norm of

kRk2 = 2. We tried various combinations of ↵ and � to
check convergence and the results are shown in Figure 3b.
By comparing the theoretical boundary in Figure 3a and
the experimental results in Figure 3b, we observe that the
boundary between convergence and divergence in the ex-
periments matches our theoretical condition. It can also
be observed that the case (↵,�) = (0, 0) results in non-
convergence, highlighting the necessity of regularization for
stable learning. Figures 3c and 3d further illustrate typical
policy trajectories, showing stable convergence inside the
boundary and limit cycles outside it.
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Figure 3. Theoretical and experimental results on the normal-form game. (a) Theorem 5.1 guarantees convergence in red area. (b) The
yellow and purple areas indicate convergence and non-convergence in numerical experiments respectively. (c) With (↵,�) = (0.5, 1),
which satisfies condition (5), the policies converge. (d) With (↵,�) = (0.3, 1), which violates condition (5), the policies oscillate.
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5. Theoretical Analysis
In this section, we investigate theoretical aspects of KLENT,
especially its convergence properties. Section 5.1 provides
a theoretical analysis of normal-form games, a standard
setting in game theory. Section 5.2 presents an analysis of
finite-length games, including sequential turn-based board
games. In both sections, we focus specifically on two-player
zero-sum games.

5.1. Normal-Form Games

In this section, we investigate the convergence property of
our policy update rule in normal-form games. This setting is
standard in game-theoretic analysis and aligns with the the-
oretical setting used in prior work (Sokota et al., 2022). We
consider a two-player zero-sum game defined by a payoff
matrix R, where both players update their policies accord-
ing to Equation 3. Under this setting, the following theorem
holds regarding the local linear convergence to the unique
fixed point.

Theorem 5.1. The policy update rule in Equation 3 is lo-

cally linearly convergent to the unique fixed point if the

following condition is satisfied:

↵(↵+ 2�) > kRk22/4. (5)

This condition is illustrated in Figure 3a. For comparison,
the convergence condition derived in Sokota et al. (2022)
corresponds to ↵� > kRk22. As shown in the figure, our
result covers a broader range of regularization coefficients
(↵,�) than their result. The detailed statement and proof
are provided in Appendix C.1. Our proof strategy involves
analyzing the spectral radius of the Jacobian of the update
operator around the fixed point. We prove that the operator
norm is less than 1 under the condition above.

To verify this theoretical result, we conducted numerical ex-
periments on the Matching Pennies game (Gibbons, 1992),
defined by R =

�
1 �1
�1 1

�
, which has a spectral norm of

kRk2 = 2. We tried various combinations of ↵ and � to
check convergence and the results are shown in Figure 3b.
By comparing the theoretical boundary in Figure 3a and
the experimental results in Figure 3b, we observe that the
boundary between convergence and divergence in the ex-
periments matches our theoretical condition. It can also
be observed that the case (↵,�) = (0, 0) results in non-
convergence, highlighting the necessity of regularization for
stable learning. Figures 3c and 3d further illustrate typical
policy trajectories, showing stable convergence inside the
boundary and limit cycles outside it.
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(b) Experimental results
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(c) Converging trajectory
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(d) Oscillating trajectory

Figure 3. Theoretical and experimental results on the normal-form game. (a) Theorem 5.1 guarantees convergence in red area. (b) The
yellow and purple areas indicate convergence and non-convergence in numerical experiments respectively. (c) With (↵,�) = (0.5, 1),
which satisfies condition (5), the policies converge. (d) With (↵,�) = (0.3, 1), which violates condition (5), the policies oscillate.
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Figure 4. Experimental results on the finite-length game. Left: The transition diagram of the Count Up Game with 7 states and 2 actions.
Right: The evolution of the policy and action-value function and theoretically expected convergence limit.

5. Theoretical Analysis
In this section, we investigate theoretical aspects of KLENT,
especially its convergence properties. Section 5.1 provides
a theoretical analysis of normal-form games, a standard
setting in game theory. Section 5.2 presents an analysis of
finite-length games, including sequential turn-based board
games. In both sections, we focus specifically on two-player
zero-sum games.

5.1. Normal-Form Games

In this section, we investigate the convergence property of
our policy update rule in normal-form games. This setting is
standard in game-theoretic analysis and aligns with the the-
oretical setting used in prior work (Sokota et al., 2022). We
consider a two-player zero-sum game defined by a payoff
matrix R, where both players update their policies accord-
ing to Equation 3. Under this setting, the following theorem
holds regarding the local linear convergence to the unique
fixed point.

Theorem 5.1. The policy update rule in Equation 3 is lo-

cally linearly convergent to the unique fixed point if the

following condition is satisfied:

↵(↵+ 2�) > kRk22/4. (5)

This condition is illustrated in Figure 3a. For comparison,
the convergence condition derived in Sokota et al. (2022)
corresponds to ↵� > kRk22. As shown in the figure, our
result covers a broader range of regularization coefficients
(↵,�) than their result. The detailed statement and proof
are provided in Appendix C.1. Our proof strategy involves
analyzing the spectral radius of the Jacobian of the update
operator around the fixed point. We prove that the operator
norm is less than 1 under the condition above.

To verify this theoretical result, we conducted numerical ex-
periments on the Matching Pennies game (Gibbons, 1992),
defined by R =

�
1 �1
�1 1

�
, which has a spectral norm of

kRk2 = 2. We tried various combinations of ↵ and � to
check convergence and the results are shown in Figure 3b.
By comparing the theoretical boundary in Figure 3a and
the experimental results in Figure 3b, we observe that the
boundary between convergence and divergence in the ex-
periments matches our theoretical condition. It can also
be observed that the case (↵,�) = (0, 0) results in non-
convergence, highlighting the necessity of regularization for
stable learning. Figures 3c and 3d further illustrate typical
policy trajectories, showing stable convergence inside the
boundary and limit cycles outside it.
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